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ABSTRACT 

The previous paper (LANGLEY, TOBARI and KOJIMA 1974) reports that the 
directional linkage disequilibria, D = P,,PUb -P,,,bPaB, tend to be negative 
for data between allozymes and linked to inversions. A and B stand for the two 
alleles with the greatest frequency in the population. In this paper we show 
that linkage disequilibrium in this direction is produced at equilibrium when 
double homozygotes have €itnesses that are a constant fraction of the product 
of the two component single homozygote fitnesses, a pattern that is frequently 
observed in experimental data. 

w 

I N  the preceeding report LANGLEY, TOBARI and KOJIMA (1974) pointed out a 
method OI orienting the direction of linkage disequilibrium with respect to 

gene frequencies. They noted that the majority of linkage disequilibria between 
allozymes linked to inversions in D. melanogaster populations indicated an ex- 
cess of gametes composed of one frequent allele and one rarer allele. Although 
this observation is not statistically significant, it did lead us to the following 
theoretical findings. 

Let A ,  a, B, and b represent alleles at two linked loci and designate their fre- 
quencies by p", pa, pB, and pb. The symbols can stand fo r  allozymes, gene ar- 
rangements, or any other entity that is inherited as a unit. If we designate A 
and B as the more frequent types (p" > pa and p B  > p b ) ,  then the observed 
direction of linkage disequilibrium tends to be such that 

The product of the frequency of the gametes containing the two most frequent 
and the two least frequent alleles is less than the product of the frequencies of the 
other two. The symbol Do, is used instead of D to emphasize that gene frequencies 
are considered and therefore the sign of Dw is meaningful. 

I t  will be shown that very plausible systems of fitness interactions lead to 
D < 0 at equilibrium. We assume that the polymorphism is maintained by 
selective advantage of heterozygotes or  some other form of balancing selection. 
We further assume that double homozygotes are less fit than if the two loci were 
independent in their effects on survival and fertility. There is evidence for 
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departures from linearity in this direction in the decline of fitness with inbreed- 
ing (SPASSKY, DOBZHANSKY and ANDERSON 1965; TEMIN et al. 1969; KOSUDA 
1971). 

The Two-Locus Model 

We assume a continuous-time model with random mating. Let x1 = pAB,  x2 = 
P A b ,  x3 = pas7 and x4 = p a b  be the frequencies of the four chromosomes. Let mii 
be the fitness of the corresponding genotype; the fitness is being measured in 
Malthusian parameters. Then the rate of change of the ith chromosome type is 
given by 

where 

m = Bximi 
r = recombination fraction between the loci 
b = birth rate per generation of the double 

D = x1x4 - x2x3 
E 1  = - E 2  = - E 3  = E q  = 1 

2. 

heterozygote, AB/ab or Ab/aB 

For a derivation of these equations and a discussion of the circumstances 
where they are appropriate, see KIMURA (1956, 1965), FELSENSTEIN (1965), 
CROW and KIMURA (1970, p. 196ff), and NAGYLAKI and CROW (1974). 

We measure epistasis following FISHER (1918) by 
E .  1. = mil - mi2 - mi3 + mie 

and 

and define Z as 
E = & ~ i E i  

1. 

z = X l X 4 / X 2 5 3  . 
Then (see CROW and KIMURA 1970, p. 201) 

2 = Z(E - rbDP) 
where 

(3) 

(4) 

1 
1. xi 

P = z  - 

We are interested in polymorphic equilibrium, in which case 2 = 0, and 

E = rbDP. (5) 
Note that x1 = PAPB f D, x2 = - D, x3 = papB - D, and P a p a  -k D .  Substi- 

tuting these into (3) yields 

= E + D E  
PAP&, $- P A P b E P  + pap&, f pap&, -k D I: ~ i E i  (6) 
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where 

and 

E = E , - E E , - E E , + E 4 .  (8) 

E is the average additive x additive epistatic deviation; E is the same quantity 
for a population with the same gene frequencies at linkage equilibrium. These 
two quantities differ by DE,  where D is the measure of linkage equilibrium and 
E is the sum of dominance x dominance epistatic deviations (COCKERHAM 1954; 
KEMPTHORNE 195 7).  

If we assume equilibrium and equate the right-hand side of (5) and (6), this 
leads to 

E = D(rbP - E ) .  (9) 

We are interested in inquiring as to when Dw < 0, the situation observed in 
natural populations. From (9) it is apparent that sufficient conditions for this 

are 

E < rbP (10) 

B < O .  (11) 

and 

The alternative sufficient condition, E > rbP and B > 0, seems much less likely 
to be found in a polymorphic situation. 

Application of (10) and (11) to test a specific model for  the direction of 
linkage disequilibrium when the population reaches equilibrium would depend 
on knowing the equilibrium values of and pB. This is usually not easy to do. 
However, as DR. THOMAS NAGYLAKI has pointed out to us equation (7)  is linear 
in pa for constant pB and in p B  for constant pA;  therefore there is no maximum 
nor minimum in the region of interest, 1/2 < pA,  pB  < 1. This means that if Dw < 0 
for the four values of (pA ,pB) ,  corresponding to ( l , l ) ,  (l,%), (%,I), and 
( 1 / 2 , % )  i t  must be for all intermediate values. Applying this to equation (7) , 
B < O i f  

are 
( E ,  + E2 i- E ,  + E 4 )  < 0 

( E ,  + E, )  < 0 ,  and 
(E1 + E, )  < 0 

E , < O .  

These, along with (10) , are sufficient conditions for Dw to be negative. If E > rbP, 
then all the inequalities in (12) must be reversed. 

Although these are strong conditions, and sufficient, they are not necessary. 
There may well be models where one or more of the corners do not meet the 
criterion, although an equilibrium point does. 
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General Two-Locus Heterotic Model 

Assume that the fitnesses, measured in Malthusian parameters, of the geno- 
types are 

A A  Aa aa 
BB 
Bb m 1 2 = - a ,  mI4  = m,, = 0 m3,  = -a, 
bb 

m,, 1 -a1 - b, - k, 

m2, = -CI, - b, - k, 

m,, = -b, 

m2* = -b, 

m,, = -a, - b, - k, 

m44 = -a2 - b, - k, 
E, - I t . , ,  E, = k, , E ,  = k, , E,  -k, (13) 

E =  -(kl + k, + k, + k4) . (14) 

If ki = 0, this corresponds to additivity between loci (no epistasis). There is no 
linkage disequilibrium ( E  = 0, D = 0).  

If k, = k, a positive constant, and the a’s and b’s are positive, then substitution 
into (7) shows that E < 0; and, since E < 0 < rbP, Dw < 0. Thus a constant 
reduction in fitness of the double homozygotes in comparison to their non-epi- 
static expectations leads to a negative value of Dw. This corresponds to a discrete 
generation model in which the fitness of the double homozygotes is a constant 
fraction (less than 1) of the product of the two component single homozygotes. 
More generally. using (12) it is apparent that any situation where k, is larger 
than kL or k, and where k, + k, > k, + k, satisfies the conditions for negative Dw. 
Also note from ( 7 )  that the more nearly p A  and pn approach 1 the more the first 
term dominates the expression and the more likely it is for D, to be negative. 

Another model that has often been used is quadratic. If a, is the decrease in 
fitness of one single homozygote and b‘ is the decrease for the other single homo- 
zygote, then the double homozygote is assumed to have a fitness decrease 
( a  + b)  2, all measured with respect to the double heterozygote. This model does 
not conform to the sufficient conditions given above. However, several computer 
trials with a variety of numerical values and starting points ended up with 
equilibria corresponding to Dw < 0, and we conjecture that this may be the case 
in general although we are not able to prove it. 

It is perhaps of interest to mention an example that leads to Du > 0. KIMURA 
(1956, p. 279) gives a model where one locus is heterotic and the other is not, but 
where the polymorphism is maintained by linkage and epistasis. In this case 
E,  = EL = E ,  = E, = s, E = 0, E > 0, and Dw > 0. 

DISCUSSION 

The data so far analyzed suggest that when there is linkage disequilibrium, 
such as for linked allozymes and inversions in Drosophila melanogaster, Dw < 0 
(LANGLEY, TOBARI and KOJIMA 1974). There are no comparable observations in 
other species. The most accessible material appears to be in Drosophila pseudo- 
obscura and studies on this species seem to offer the best possibility of substanti- 
ating or refuting the data so far summarized. Since linked allozymes show no 
pattern of linkage disequilibrium, this suggests that the negative value of Dw 
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for the association of allozymes and inversions is not sampling bias o r  some 
peculiar properties of two-locus random drift. 

This paper relates two quite different types of data. The decrease in viability 
under inbreeding shows a consistent nonlinear component ( SPASSKY, DOBZ- 
HANSKY and ANDERSON 1965; TEMIN et al. 1969; KOSUDA 1971). Th’ IS non- 
linearity can be interpreted as negative dominance by dominance epistasis. The 
model that we have discussed in this paper (ki = k) has a negative dominance 
by dominance epistasis, and this leads to a negative value of Dw. 

That we can suggest models for fitness interaction which lead tot linkage 
disequilibria in the direction observed in nature does not, of course, prove that 
these are the mechanisms by which the disequilibria are generated. Further 
information is needed, both as to the reality and generality of the experimental 
observation, and of the variety of models that lead to this expectation. 
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